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Chapter 1
Executive Summary

This document presents the final technical report on work done between April 1997 to
December 1999 on “Adaptive Space-Time Processing for High Performance, Robust Military
Wireless Communications”. The work studied the operation of adaptive arrays in fading
channels and developed algorithms for fading mitigation and interference cancellation. The
research spread over several topics. These topics and associated main results are summarized
below.

We studied the performance of adaptive arrays for wireless communications over fading
channels in the presence of cochannel interference (CCI). In particular, we studied the case
when the number of interference sources exceeds the number of degrees of freedom. Such
case is of interest in wireless communications when practical considerations dictate a small
number of antennas in the array and there are multiple interference sources competing with
the signal of interest. We analyzed the performance of adaptive arrays in Rayleigh and Ricean
channels. The main contribution of this analysis is the development of the theory when both
the signal of interest (SOI) and the cochannel interference (CCI) are assumed subject to
fading conditions. We considered BPSK signalling in flat, quasi-static channels. Rayleigh or
Rice fading was assumed for the SOI, while CCI was assumed subject to Rayleigh fading.
Using a multivariate statistical analysis approach and assuming equal-power interference
sources, analytical expressions were derived for the density function of the array output
signal-to-interference ratio (SIR), the outage probability, and the average probability of
bit error with two methods of antenna combining: maximal ratio combining and optimum
combining {1, 2]. A limited analysis of the equal gain combiner was also obtained.

When the number of interference sources is smaller than the number of degrees of freedom,
and if optimum combining is applied, the interference is canceled by the array. We derived
expressions for the ezact bit error probability (BEP) for the detection of coherent binary PSK
signals of the optimum combiner employing space diversity when both the desired signal and a
Gaussian co-channel interferer are subject to flat Rayleigh fading [3]. Two different methods
were employed to reach two different, but numerically identical, expressions. With the direct
method the conditional BEP is averaged over the fading of both signal and interference.

We studied various aspects of the application of space-time processing to CDMA com-
munications. In particular, we studied the relation between power control error and array
processing for spatial diversity. It is well known that the capacity of CDMA systems de-
grades rapidly with the increase in power control error. The performance of CDMA systems
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is also affected by factors such as large-scale fading, small-scale fading, and CCI. Most of
the published research on the performance analysis of CDMA systems usually accounts for
subsets of these factors. We provided a comprehensive analysis which takes into account the
joined effect of several of the most important factors affecting the performance of CDMA
systems. In particular, we developed new analytical expressions for the outage and bit error
probability of CDMA systems. These expressions account for adverse effects such as path
loss, large-scale fading (shadowing), small-scale fading (Rayleigh fading), and CCI, as well
as for correcting mechanisms such as power control error (compensates for path loss and
shadowing), spatial diversity (mitigates against Rayleigh fading), and voice activity gating
(reduces CCI). This work is disseminated in [4, 5, 6, 7.

Space-time adaptive processing (STAP) can be applied to improve performance of both
CDMA and TDMA communications systems. In previous work we have shown that STAP
applied to CDMA systems is an efficient means to increase capacity by providing diversity
paths to combat multipath and by suppressing interferences through spatial-temporal filter-
ing. We studied the application of the eigencanceler, a reduced rank method based on the
eigendecomposition of the estimated covariance matrix, to the wireless communication prob-
lem. Simple closed-form bounds were obtained for the bit error rate of BPSK modulation
in the presence of cochannel interference in systems using sample matrix inversion (SMI)
and the eigencanceler. The application of SMI and the eigencanceler to a flat fading TDMA
system was studied in the context of the IS-54/IS-136 standard. It was shown that adaptive
antennas in conjunction with reduced-rank processing can be used to increase capacity of
such systems by reducing the frequency reuse factor from 7 to 1 [8, 9, 10].




Chapter 2

Introduction

In wireless communications, the presence of cochannel interference (regardless of cell size)
limits the system capacity, whereas multipath fading limits the system performance. Hence,
methods that address these problems are of great interest. Antenna arrays, with different
combining methods, have been shown to combat both multipath fading of the desired signal
and cochannel interference (CCI), subsequently increasing the performance of mobile radio
systems. The combining methods, which mainly include Equal Gain Combining (EGC),
Maximal Ratio Combining (MRC) and Optimum Combining (OC), can make antenna arrays
provide diversity paths to combat multipath fading of the desired signal and reduce the power
of interfering signals at the receiver. :

With EGC all antenna channels are provided with equal gain, but varying phase to
match the phase shift in the multipath fading channel. With MRC and OC, both gain
and phase are controlled. MRC is the optimum linear combining technique for coherent
reception with independent fading at each antenna element in the presence of spatially white
Gaussian noise [11]. The complex weight at each element compensates for the phase shift
in the channel and is proportional to the signal strength. MRC mitigates fading, however,
it ignores cochannel interference (CCI). OC addresses both problems of multipath fading of
the desired signal and the presence of CCI. With OC, the signals received by several antenna
elements are weighted and combined to maximize the output signal-to-interference-plus-noise
ratio (SINR) [12].

A growing body of work is available on antenna arrays in wireless. Works that consider
diversity reception in Rayleigh/Ricean/Nakagami channels, but no cochannel interference
(CCI), include (13, 14, 15, 16, 17]. The case of a single CCI was analyzed in [12, 18, 19].
The effect of CCI and fading was studied in [20], but that work did not consider diversity or
combining methods. The performance of adaptive arrays with Optimim Combining (OC) -
in Rayleigh fading and equal-power CCI sources is reported in [1], and with arbitrary power
interferers in [21].

Chapter 2 contains the signal models used in this report. In Chapter 3, we expand on
previous work by studying the performance of wireless systems with adaptive arrays utilizing
Equal Gain Combining (EGC) and Maximal Ratio Combining (MRC) in Rayleigh/Rice fad-
ing in the presence of multiple equal-power CCI sources. We also expands [1] by considering
Optimum Combining in the Ricean channel case. The empbhasis is on obtaining closed-form
expressions.




In [22, 23], a closed form expression is given for the bit error rate (BEP) of the optimum
combiner of BPSK signals with flat Rayleigh fading and a co-channel interferer (CCI). The
optimum combiner, in the context of this paper, refers to an antenna array that maximizes
the signal-to-interference-plus-noise ratio (SINR) at the array output. The expression in [2,
eq. (25)], was derived without explicitly taking into account the fading of the CCI. Rather,
the CCI power averaged over fading was used in the derivation.

We provide an ezact result with Optimum Combining in Chapter 4 , in which the BEP
is first expressed conditional on the fading of both signal of interest (SOI) and CCI. The
average BEP is subsequently derived by taking the expectation with respect to the fading of
both SOI and CCL.

Due to the complexity of CDMA communications scenario, most published results ac-
count for only some of the adverse effects of large-scale fading, small-scale fading , power
control error (PCE) and cochannel interference etc. For example, the performance analysis
related to the log-normal interference can be found in [24, 25, 26, 27, 28, 29], however the
cited work does not consider small-scale fading effects. The performance analysis with both
fading and shadowing is considered in several recent publicatiohs [30, 31, 32, 33, 34, 35].
However, results are published either as simulations or as approximations, which generally
lack accuracy at low PCE. For accurate predictions of CDMA systems performance, it is of
great interest to be able to develop closed-form expressions that simultaneously incorporate
the effects of shadowing, power control error, Rayleigh fading, voice activity and space-time
processing. -

The work in Chapter 5 attempts to provide more complete answers to the reverse link
performance of wireless CDMA with Maximal Ratio Combining , and to develop expressions
for the outage probability and probability of bit error, while taking into account multiple
effects.

We investigate the application of a reduced-rank method referred to as eigencanceler to
implement an optimum combiner in a flat fading Rayleigh channel with unknown cochannel
interference. It is well known in array processing that a loss in the signal-to-noise and
interference ratio (SNIR) occurs when the array covariance matrix is estimated from a limited
size training set. .In work motivated by radar applications, it was found that reduced-
rank methods can significantly reduce these losses by providing improved statistical stability
[36, 37]. ‘

In Chapter 6, we are concerned with the effects of training data on the performance of
adaptive arrays for wireless communications in the following cases: (1) an optimum combiner
of BPSK signals in a flat Rayleigh fading channel in the presence of cochannel interference
(CCI), and (2) a system modeled after the IS-54/1S-136 standard utilizing optimum com-
bining with multiple CCI sources.




Chapter 3
Signal Model

In this chapter, the mathematical model for the type of signals addressed in the report is
presented. Since part of the report deals with CDMA signals, the signal model for CDMA
is also introduced. The following notation is adopted: boldface lower case letters denote
vectors, boldface upper case letters denote matrices, the superscript H denotes Hermitian
transpose.

Consider the uplink of a mobile communication system employing a base station with
an N element linear antenna array. The number of antenna elements is N and the number
of cochannel interferers is L. After coherent demodulation and matched filtering, the array
output sampled at ¢ = kT is represented by the N dimensional vector

u [k] = /Picsz, [K] + Z VPz k] +nlk], (3.1)

where /P, /P, are respectively, the signal and CCI amplitudes, the data symbols z, [k] are
mutually independent and assume values € {—1,1} with equal probabilities, and n [k] is the -
vector of ambient noise. The noise is complex-valued, stationary, zero-mean white Gaussian
with covariance matrix E [nn#] = N,I. The quantity 2 k] incorporates information on the
ith CCI and is given by [20]

z k] = i b; [m] g (kT — mT — 7;) (3.2)

m=—00

where the CCI symbols b; [m] assume values € {—1,1} with equal probability, are mutually
independent, and are independent of 2, [k]. The equivalent impulse response of the trans-
mitter, channel and receiver g (t) has a raised cosine pulse shape with excess bandwidth S.
The random variable 7; represents the timing phase of the ith CCI and is assumed uni-
formly distributed over the interval [0,T], where T' is the symbol interval. CCI samples
z; = 2 [k], have the following properties: (1) E (2] = 0 (since E [b; [£]] = 0), (2) due to the
independence between interference sources, the random variables z; are mutually indepen-
dent (hence, E [z:2;] = 0 for i # 5), and (3) E[2]] = 1 — B/4 (see [20]). It is assumed that
transmission of the signal takes place in a flat fading Rayleigh channel in the presence of
additive white Gaussian noise and CCIL




The vectors ¢, and c; respectively, represent the channel complex gains for the sig-

nal and CCL Sometimes, we express ¢, and ¢; as €7 = [0, @872 ... ,as Neten]
cf = [a,-,l, ai,le""ﬂ? e ,ai,NeJ"’i,N ] , where a; is the channel amplitude gain, ¢, is the total

transmitter-to-receiver carrier phase shift due to their spatial separation and the random
phase introduced by the fading channel, the random phases ¢; of the interfering carriers are
assumed uniformly distributed over the interval [0, 27], and o are random variables repre-
senting the gain of the fading channel for the ith interferer. The channel vectors are mutually
independent, but have identical distributions, which are complex-valued, zero-mean, multi-
variate Gaussian with independent terms and o2 variance, i.e., for example E [cscH] = 071
The fading is assumed quasi-static, i.e., channel vectors are fixed over some time interval of
interest referred to as frame, but vary independently from frame to frame.
It is further assumed that the interference-plus-noise vector

L

x[k] = VPzuklci+nlk (3.3)

i=1

has a multivariate Gaussian distribution with zero-mean and covariance
E [x [K] x [k]H] ~R

where .

L .
R=) Pcicf +ol (3.4)

i=1

is the (colored) noise covariance matrix.

Signal Model for CDMA

This system model represents the reverse link of a single cell CDMA system which serves K,
users, and uses a base station with an M-element antenna array. The received signals are
assumed to undergo independent, flat Rayleigh fading. It is further assumed that the fading
is slowly varying such that the lowpass equivalent channel seen by each antenna can be
characterized by a complex-valued scalar. The system is assumed interference limited with
negligible thermal noise. The CDMA reverse link receiver model is shown in Figure 3.1.

The complex envelope of the signal received at the base station is then expressed by the
M-dimensional vector: .

x(t) = \/X;ml (¢ —7)ult —’7‘1)C1 + z“: e/ Ao mi(t — T )ur(t — Te)Ck, (3.5)

where the first and second terms respectively, represent the desired signal and the CCI, M
(k=1,---,K,) are the powers of the received signals, ¢ are normalized complex Gaussian
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Figure 3.1: CDMA reverse link receiver model

channel vectors with E [cxc] =1, I is the M x M identity matrix, my(t) are NRZ wave-
forms of the users’ data, ux(t) are the spreading sequences, € are binary random variables
indicating the users’ voice activity, 7 are the users’ delays. Let mx(t) = 3, sk (i) h(t —iTs),
where h(t) is the basic pulse shape, T; is the symbol interval, i is the symbol interval in-
dex, and si (i) € {—1,1} are the users’ binary data. It is assumed that E [s ()] = 0, and
E [s (i) 51 (§)] = 616, where §;; = 1 for i = j, and 8;; = 0 otherwise. The signature wave-
forms are normalized to unit energy over the symbol interval. For convenience, 7; = 0. In a
system that provides a single service (such as voice) with the same bit error rate and with
perfect power control, all \¢’s are equal. The received powers A, k = 1,... , K, are the
result of path loss, shadowing and imperfect power control, and are modeled as independent,
identically distributed (i.i.d.) random variables with log-normal distribution. If Ax has a
log-normal distribution, then the received power expressed in dB, oy = 10log;, Ar has a nor-
mal distribution with mean m, and variance 0. The standard deviation of ay is the PCE
measured in dB. Since o) < m, with probability 1, 10™/1 is the median value of ;. The
voice activity € is modeled as a Bernoulli (p) random variable with Pr (e = 1) = p, where
p is the voice activity factor.
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Chapter 4
Combining Methods

In this chapter, we are concerned with the flat (nondispersive), quasi-static fading channel,
in which a desired signal competes with multiple CCI sources. The performance of adaptive
arrays is studied for several channel models of the signal of interest (SOI): Rayleigh, Rice,
non-fading. In all cases, the interference is assumed subject to Rayleigh fading. Channels
associated with interference sources are assumed independent and identically distributed.
Tt is further assumed that the fading is slow and that the receiver has perfect knowledge
of the instantaneous channel realization and a coherent receiver can be implemented. The
system is assumed interference limited. It is also assumed that the degrees of freedom are
insufficient to remove all interferers, hence, thermal noise is neglected.

We derive the ratio of mean signal power to mean interference power for EGC. For
MRC, we determine density functions for the signal-to-interference ratio (SIR) and, in some
cases, expressions for the outage and probability of bit error. For optimum combining, we
evaluate the SIR density function for the non-fading/Rayleigh and Rayleigh/Rayleigh cases,
and closed form expressions of the outage probability and BER in terms of hypergeometric
functions. Moreover, we provides a comparison between the various methods.

4.1 Equal Gain Combining

With EGC, each channel is provided with phase compensation to match the phase shift
in the channel (the phase is measured with respect to the reference antenna element). All
channels are provided with equal gain (without loss of generality, the gain is taken equal to
unity). EGC is an attractive method due to its relative ease of implementation.

The method was investigated by several authors. Jakes provided an expression for the
SNR in the case of Rayleigh fading [11]. In [14], the cumulative density function of the
SNR is evaluated by a series method for Rayleigh and Nakagami channels. This work is
extended to Ricean channels in [16]. Here, we briefly study the EGC performance in the
presence of CCIL. The cases treated are of a desired signal subject to Rayleigh or Ricean
fading and CCI subject to Rayleigh fading. These cases are referred to as Rayleigh/Rayleigh
and Rice/Rayleigh, respectively. While with MRC and OC performance is evaluated by
regarding the SIR as a random variable and characterizing its density function, with EGC
our scope was limited to providing an expression for the ratio of mean signal power to mean
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interference power. This simplification is necessitated by the fact that the desired signal is
expressed by a sum of Rayleigh or Rice distributions for which closed-form expressions are

not available. _
Before the following work, we have to stress again that the interference amplitude is
assumed equal for all CCI sources and is given by +/P;. This assumption while restrictive,
facilitates the derivation of closed-form expressions .
The weight provided to the ith branch of the EGC is given by & = €%, The array
weight vector is then given by

w=¢§, ‘ (4.1)

2g

where g =[£,,...,&y] . Based on the signal model in Chapter 2.1 ,The pre-detection signal
at the array output is given by -

ylk] = wulk]

L .
= \/Pséfcszs[k] + \/szgc,-zi[k] (4.2)
i=1
Note that §f ¢, = Y., a; is a sum of Rayleigh/Rice random variables. It is easy to show
that the signal power averaged over time and fading is given by

S=P, (N‘&§+N(N— 1)a—32), 43

where o = E [02,], @% = E[asn]. It can be shown that in the Rayleigh case, the mean

8,m

value of the desired signal’s power is given by [11]

S=PN[l+(N—-1)n/4]. (4.4)
The interference power is given by,
L 2
I = E [ VP €cizlk] }
i=1
L 2
= P(1-8/43 E “gfc,-l ] (4.5)
i=1

where we used E [z?[k]] = 1 — 3/4. Since §_and c; are independent,

E “§f°i12] _ §fE [cicf’]és
e = N (4.6)
Hence,

I=P;(1-B/4)LN. (4.7)
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Thus the ratio of mean signal power to mean interference power for the Rayleigh/Rayleigh
case (Rayleigh desired signal/Rayleigh CCI) is given by

1+(N-1)7n/4
pr = ( 7 )7/ 75 (4.8)
where ~ was defined previously. When the desired signal is subject to the Rice distribution,
we have [38]:
3 3
o=k =)A=z 4.9
(8] e P(2)1 1(2,1,K) , | ( )
and
a—g = 6-_1{1151 (2, 1, K)
= (1+K), | (4.10)

where I' () = 1/7, and ,F; denotes the confluent hypergeometric function. Expression

(4.9) can be evaluated numerically and substituted back in (4.3). A simple approximation
exists for large K [39],

I'(b) ¥
T (a) K*—’

where T is the standard gamma function. Applying (4.11) in (4.9), (4.10) and in (4.3), we
obtain for large K:

(4.11)

1F (a,b,K) =

S = P,N2 (4.12)

The EGC ratio of mean signal power to mean interference power for the Ricean signal with
large K (non-fading signal) and Rayleigh CCI is then

~ N
e =T (4.13)

Tt is observed that this ratio is proportional to the number of antennas and inversely pro-
portional to the number of interference sources.

4.2 Maximal Ratio Combining

When the antennas outputs are combined according to MRC, it is possible to determine the
density function of the output SIR in closed-form. The MRC weights are given by [38]:

W = Cs. (4.14)
The output of the combiner is then given by
ylk] = wrulk]
L
= VP cl zlk] + VP Y _ el cizilk]. © (4.15)

i=1

14




It follows that the frame SIR is

Y |c3 |4
Zf:l |cchi|2

The analysis of MRC consists of the following steps: (1) evaluate the density function of
p (the SIR is a random variable with a range determined by the random vectors c,, c;),
(2) evaluate the outage probability averaged over outcomes of p, (3) make the Gaussian
assumption with respect to the interference and express the BER conditional on the SIR p,
(4) evaluate the performance averaged over outcomes of p. The analysis is carried out for the
Rayleigh/Rayleigh and Rice/Rayleigh cases. Unless stated otherwise, expressions developed
in this section hold for an arbitrary number of antennas and interference sources.
Equation (4.16) can be rewritten

p= (4.16)

les

Ef:l |V1r|2 ’

where v; = cfc;/ |c,| . We claim that v; and c, are independent . The interference is assumed
subject to Rayleigh distribution, hence the elements of ¢; are iid., zero-mean, complex
Gaussian. It follows that the distribution of v; conditioned on c,, is also complex Gaussian.
The mean and the variance of the random variable v; conditioned on c, are respectively

p=" (4.17)

cl
Bl |al = (5 Ele] =0 (418)
and
cZE [cicl] ¢,
Eflvil*le] = _lLT]“
_ CSHINCS
|CS|2
= 1. (4.19)

The density of v; conditioned on c, can be written f,, (v; | €s) = r—te~” Tt is clear from
this expression that v; is independent of c,. The term e/ S, [v|? in (4.17) is the ratio
of independent random variables and it can be written

N
Ej:l | cs’j |2

(4.20)
Zf=1 | vi |2

(=

where ¢, = [Co1,- -+ ,Cs,N] - ,

For Rayleigh/Rayleigh (signal/CCI) fading and since each of Cs, and v; are complex
Gaussian random variables, 2| ¢, |* and 2|v;|* are central chi-square random variables with
2 degrees of freedom. The quantity ¢ = Z;v:l leaj I/ S |vi|® is recognized as the ratio
of two independent central chi-square random variables; the numerator with 2N degrees of
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freedom and the denominator with 2L degrees of freedom. The distribution of ¢ is therefore
given by [40]

_TL+N) M
fc(C) - F(L)F(N) (1 + OL+N

for ( >0, N >1, L > 1. The density in (4.21) is a modified form of the central F'
distribution. The term ‘modified’ refers to the fact that the ratio of two independent central
chi-squared random variables normalized by their respective degrees of freedom has a central
F distribution, while in this case the random variables are not normalized. It is observed
that ¢ ~ %F,where F denotes the F distribution. By using the transformation of variables
p = 7¢, the density of the SIR y can easily be obtained and is

_TELAN) ;.  pt

To reiterate, this expression applies only to equal-power interferers. The mean SIR is given
by - ,

(4.21)

(4.22)

TL+N) /°° Ay
T(LL(N) " Jo (v + Y
N
= 117" (4.23)
where L > 1. The mean SIR is proportional to the number of elements N and inverse
proportional to the number of interference sources L.

When the desired signal is subject to the Rice distribution, the terms ¢, ; in (4.20) are
distributed as CN (\/R , 1) . Hence, the distribution of 2| ¢, ; * is non-central chi-square with
2 degrees of freedom and parameter K. In the appendix it is shown that the distribution of
¢ in (4.20) is given by,

= e NK P (L ' N,N;NK——C )
fe (C ) € 141 + 14+¢
r(L+N) (¢
T(L)T(N) (@ +¢)+

The density function of the SIR can now be obtained from (4.24) and the relation p = ¢,

(4.24)

_NK © L
= F(L+N N;NK———
fu(w) € 1 1( 7_*_#)’)’

r(L+N) pNt
L(L)T(N) (y+p)™+Y
When K = 0, the relation above degenerates to the Rayleigh distribution case. When
K — o0, i.e., the desired signal is non-fading (non-fading/Rayleigh case), and the appropriate
quantities are substituted in (4.16), the SIR at the output of the MRC can be expressed as
N2
b= chge,

(4.25)

(4.26)
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where ¢, = [1,e/%2 ... ,e"%n~], cffc, = N,and S = F  cicH. The matrix S has a complex
Wishart distribution CWy (In,L) [41]. The distribution of ¢ = cHSc, is CW1 (N, L) [40],
which is just the exponential distribution

N o1 _on
k@=ﬂ5<e : (4.27)
Tt follows that the distribution of the SIR u = yN?/( is expressed by
Ny ia |
fu(p) = (—I‘—(A%” L=tgmNalk, (4.28)

Computation of the mean value of the SIR in the non-fading/Rayleigh case reveals that it
is the same as in the Rayleigh/Rayleigh case, i.e.,

N

4.2.1 Outage Probability
The outage is defined as the probability of failing to achieve a prescribed SIR:
P,=Prp<up), (4.30)

where p, is the desired SIR threshold. A suitable threshold level depends on the modu-
lation technique used and performance desired [42]. For the Rayleigh/Rayleigh and non-
fading/Rayleigh cases, the outage can be found in closed-form. For the Rayleigh/Rayleigh
case, the outage is then given by,

Hp
a=L Fulw)dp
T(L+N) , [*  ph

= =y ———d. 4.31
TOT®)” Jo G+ me 3D
Equation (4.31) can be evaluated in a closed-form using integral tables [43]:
I(L + N) (u )N ( #)
p=-—t ) (o) g (L+NN;N+1;-22), 4.32
FOrW+D\y /) TR TETS 432

where o F (a, b; c; ) is the Gauss hypergeometric function [44]. Using (4.28) in (4.31), it is
not difficult to show that the outage for non-fading/Rayleigh is given by

_ T(L,Nv/p,)

P, = o) (4.33)

where T'(L,z) = [° t!-1e~tdt, is the incomplete gamma function [44].
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4.2.2 Average Probability of Error

The computation of the probability of error is based on the Gaussian assumption for the
interference. Specifically, the interference term in (4.15) is assumed to have a Gaussian
distribution. The conventional form of the central limit theorem does not formally apply
here as the interference term y;[k] = vPr 3 i, ¢ c;iz;[k] consists of independent, but not
identically distributed terms v Prctc;. However, a form of the central limit theorem given by
Cramer can be applied [45]. Cramer’s central limit theorem states that the sum X; +. . A+Xn
of a large number of independent variables, is approximately normally distributed if: (i) every
component has a zero mean value, (ii) every component has a finite variance 2 =E[|X:],
and (iii) 0;/s, — 0 and s, — oo, where 5, = 01 + ... + o2. From the properties of the
variable z; [k] specified following (3.2), it can be easily shown that aggregate interference
yr[k] meets the conditions of the theorem, and hence, it can be assumed Gaussian.
Consequently, the conditional BER is given by

P = Q(\/2_,u), (4.34)

where Q(z) = =[5~ e—t*/2 dt is the area under the tail of the Gaussian probability den-
sity function. \f;integral tables used to obtain the results below, the related function
erfc(-) (the complementary error function) is usually found (Q(V2z) = lerfc(y/x)). For
the Rayleigh/Rayleigh case, using (4.22), the average BER can be written

Po= [ el i

) N-1
= %%%%%7[‘ /0 erfc(ﬁ)(—’y—i_lf—lﬁmdu. (4.35)
An alternative expression to (4.35) in terms of hypergeometric series is given in [46):
1 T3 —L)I(L+N)
2WW@WW)P (-L)

. F (L+N,L;L+%,L+1;'7) 443

P

T(L—3)
Iz

113 3 1 ;
Ly -L30) +rarGre|. (s
where 2F3(-) is a hypergeometric function. Even though (4.36) looks more involved than
(4.35), it might be more convenient for numerical evaluations using a software package such
as Mathematica. '

For the Rice/Rayleigh case, a closed-form expression could not be found for the average

probability of bit error.

I‘(—%)F(N + %)21512 (N +

4.3 Optimum Combining

With optimum combining, the weight vector that maximizes SIR at the output of the array
is [47) »
w = aRc,, (4.37)
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where a is an arbitrary constant. The constant o: does not affect the SIR at the array output.
The interference covariance matrix, conditioned on channel vectors c;, is

L
R= Z Pl (4.38)

=1

where the superscript {H} stands for transpose complex conjugate. Note that R varies with
the fading rate and that we have assumed that the fading rate is much less than the bit rate.
The vectors ¢;,i = 1,...,L, are iid., complex Gaussian with mean {E[c;] =0} and

covariance matrix {2 =F [cicf’ ] } The same parameters hold for c;. By definition, X is

positive semidefinite and Hermitian. By assumption, it will be positive definite, hence, its

inverse exists. When independent fading at each antenna element is assumed and o =1,
then ¥ = Iy, where Iy is an identity matrix of dimension N. When ¥ > 0, i.e. positive
definite, and L > N, the matrix R is positive definite with probability one [48]. Thus, R!
exists in (4.37). The density of such random matrices was studied in [49]. Therein it is
shown that the joint distribution of the elements R is given by:

IRV s E A~ No R (A-1,-5"'R)

fa(R) = D) R>0,2>0 (4.39)
0 otherwise,

where | - | denotes the determinant of a matrix. The complex multivariate gamma function
'y (L) is defined

N
Pn(L)y=n"7 [[D(L-i+1), (4.40)

=1

where I'(-) is the standard gamma function. The quantity oFo®) (A~ Z'R) is a hyperge-
ometric function with matrix arguments [49]. The matrix A = diag (Py,...,Pr). For the
special case of P; = P, i.e., all interferers have equal-power P, the density function in (4.39)
reduces to the complex Wishart distribution /

N -tr( 1 z:'ln)
[RIENis|~fe”  \P
fr(R) = T (L)PLV R>0,2>0 (4.41)
0 otherwise,

where tr(-) denotes the trace of a matrix. In deriving (4.41) from (4.39), we have used the
following relations [50]:

oFo®™ (A1, -Z7'R)

oFo® (P71, -Z7'R)

oo™ (I, -P'=7'R)

= oo (-P'S7'R)

e t(PIETR) (4.42)

The distribution in (4.41) (apart from a constant factor) is the complex Wishart distribution
with parameter ¥ and L degrees of freedom. It is denoted as CWy (3, L). The Wishart
distribution is the multivariate generalization of the chi-square distribution [50].
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4.3.1 Density of Maximum SIR for non-fading /Rayleigh Case

For the Rice/Rayleigh and case, the SIR at the output of the optimum combiner is given by
u = ¢, where

¢=cf (cC) e, (4.43)

and v = P,/ (P (1 — 8/4)) . The vector ¢, has a multivariate distribution which is given by
CNy (VK1n, IN) . while the columns of C{[cy, ... ,cz]} have a distribution which is given

by CNn (On,1y), where Oy is a vector of zeros of dimension N. The density of { can be
found according to [40]. After a suitable transformation, we obtain

= e VKF (L+N, N; NK—ﬂ—) yEN
Fu(n) 1F1 P

I'(L+1) pN-t

r (L +1-N)I(N)(y+ )F (4.44)

where the expression holds for a number of CCI sources L > N. Note the similarities and dif-
ferences between this expression and (4.25); both have a modified non-central distribution,
but with different degrees of freedom.

In the non-fading/Rayleigh case, the SIR at the output of the optimum combiner is given
by ‘

p=~c¥S c,, ' (4.45)
where S = CCH. To determine the SIR density at the output of the optimum combiner,

first note that S has a complex Wishart distribution CWy (I,L) . The distribution of ¢ ~lis
then CW, (1/N,L +1— N) [40]. Then,

NL+1—N

f Q)= TCTi=N ¢NE2eNIC, . (4.46)

It follows that

_ (N ’Y)LH_N N-L-2_—Nv/¢
The mean value SIR for the non-fading/Rayleigh case is computed to be
_ N

4.3.2 Density of Maximum SIR for Rayleigh/Rayleigh Case

Using (4.37), the maximum SIR for Rayleigh/Rayleigh case at the array output can be easily
computed and is given by

p = PcfR ¢, (4.49)
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where R is as defined in (4.38). Since the channel ¢, and the CCI covariance matrix R are
both random, the SIR p is a random variable. Such random variables for the general case
of arbitrary interference powers P; were studied in [49]. It is shown that the density is given
in terms of the hypergeometric function ; Fo with matrix arguments:

F(L + 1) NN_I,BL+1

|A ™R (L+1,Y;Z), (4.50)

Julb) = SP(E +1 - N) (14 Bp)t+

where 3 > 0 is a constant, and Fo'P (L +1;Y;Z) is a hypergeometric function of matrix
arguments. The constant 3 is such that the zonal polynomial series for the Fo® function
converges for all Z. The matricesY =I,—fA ' and Z = diag((1 + Bu) Y, In_1). Details on
the theory of zonal polynomials can be found in {49, 51]. Further analysis of this general case
fails to gain insight into the performance of such systems due to the conditioning of fu(p)
on the powers of individual CCI (through matrix A) and the complexity of the theory for
this general case. This motivates to continue the analysis with the special case equal-power
interferers.
The covariance matrix R, in the case of equal-power interferers is

L
R=P Y ccf. (4.51)
i=1

Let R = P;Ry, where R; = Y.~ cic?. The maximum SIR p is
| )
P

P
- Hp-1 s _Hp-1 —
4= PcliR e, = ZcHR{lc, =

4.
B, v, (4.52)

where the real scalar quantity v = cqR7'c,. Since ¢, is complex Gaussian with mean 0,
covariance matrix ¥, and it is distributed independently of R, which is CWx (X, L), the
density of v is [40, 49]

T'(L+1) N1

L= smrcsi—maroe Ve ENsh (4.53)

The distribution in eq. (4.53) is a modified form of the central F' distribution. In multivariate
statistics, when the elements of c; are real Gaussian with zero means and o? variances, and
the elements of ¢, are real Gaussian with arbitrary means and o? variances, then v (apart
from a constant) is known as the Hotelling’s T statistic [50]. When c, and c; have the same
mean vector O and the same covariance matrix ¥, the distribution of v is known as the Null
distribution of the Hotelling’s T2 statistic [52]. By using the transformation p = %I/, the
density of the maximum SIR p can easily be obtained and is

I(L + 1) ( PS>L+1—N e
= =y T >0,1§N_<_L. 4.54
f#(#) F(N)F(L +1- N) P (% + M)L-f-l H=Z ( )

It is important to note that the density of u does not depend on the form of the covariance
matrix ¥. In other words, the performance of the optimum combiner is the same regardless
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whether the fading at the receiver antenna elements is independent or not.- This is, however,

only true for L > N and equal-power interferers.
Further insight can be obtained by calculating the mean SIR E [u]. We have,

B F(L+1) 5 L+1—-N 00 ,U,N
Ely = I‘(N)I‘(L+1—N)(PI)' /0 (& +u)L+1d“ ‘

N P
= —= < N<L. 4.55
I_NP 1<N<L (4.55)

Tt should be noted that the integral involved in the computation of E [u] does not exist for
L = N. For a number of CCI’s L much larger than the number of antennas N, the mean
SIR is proportional to N. '

4.3.3 Outage Probability

Probability of outage is an important statistical measure in the design of cellular mobile radio
systems which operate in a fading environment with multiple interferers [63]. It represents
the probability of unsatisfactory reception over the intended coverage area. A system planner
can use outage probability calculations to assess the effects of various system configurations
on the quality of service provided by the system. The outage probability is defined as the
probability of failing to achieve a SIR sufficient to give satisfactory radio reception and is
expressed as

P, = Probability [,u < up]

= [7 furan |
B T(L+1) P\ e Nt
= TNTC+1-M) 7) &+ (4.5

where p1, is the SIR protection ratio which depends on the modulation technique used and
performance desired. In other words, the outage probability is the cumulative distribution
function. Equation (4.56) can be evaluated as the following infinite series form [54] and is

—_ F(L + 1) l"’pPI N . ) Il'pPI
where 2 F) (a, b; ¢; z) is the hypergeometric function defined as [55]
e ) - (a)n(b)n z"
2Fl (a, b, C, 117) = Z (c)n -’;’/—!. (4-58)

— n=0

The notation (-), is called the Pochhammer symbol and is defined as (a), = ll%)l) The
infinite series in (4.57) is convergent.
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4.3.4 Average BER

As mentioned earlier, subsequent to Rayleigh fading, the in-phase and quadrature compo-
nents of each of the received cochannel interferers have a Gaussian distribution. That is,
each of the quantities /Prc;s;(t), i = 1,..., L, has a complex Gaussian distribution. The
sum of the interferers is also complex Gaussw.n Since the optimum combiner is a linear
filter, the sum of the interferers at the output of the optimum combiner (antenna array)
is also complex Gaussian. Thus, the conditional BER, i.e., the BER computed for a given
value of p, is simply

elu \/_—)

where Q(-) is the area under the tail of the Gaussian probability density function and is

defined as ,
Q(x) = 717_ / e~/ dt. (4.59)
T Jax

In integral tables used to obtain the results below, the related function erfc(-) (the com-
plementary error function) is usually found. The relation between the two functions is
Q(v2z) = lerfc(y/z).The average BER, i.e., the one averaged over all the values of p is

Po=g | ertelymfuluan

0

1 I(L+1) P\
2T(N)[(L+1—-N) (_)

N 1

/ erfc(\/_)(_‘1 )L+1du (4.60)

0

As shown in the appendix, (4.60) can be evaluated as

1 [(5)”1—”1“(1\1 L-HT(L+1)

F = smmre+i-m (N—L—-1)

i 1
F(L+1L+1—NL N+ L- N+2P) (P)T(L—JXJ’—)

Py Py I'(3)
11 13 P I(L+1-N)IL(3)T(N)
—)T'(NV (N - - =22 2
IY( )( + 5 )2 2( +5 5N L+2’2’PI)+ ) :
(4.61)
where ,Fj(-) is the generalized hypergeometric series and is defined as [55]
, =N (0)n - (@p)n
oFg(@1,... ,0p3b1,... by T) = ;:% B (o)n (4.62)

Equation (4.61) can be evaluated using software packages such as Maple, Mathematica, etc.
Alternatively, (4.60) can be evaluated numerically.
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4.4 Numerical Results

In this section numerical results are presented on the performance of MRC and OC. Per-
formance is evaluated for 6 or 18 equal-power interference sources subject to independent
Rayleigh fading. A reminder, in all figures, SIR is to be understood as the frame SIR and
the quantity -y is defined as v = P,/P;/ (1 — 3/4). Unless specified otherwise, B = 0 and
P,/Pr=1.

In Figures 4.1-4.6 the SOI and CCI are subject to Rayleigh fading. In Figure 4.1, the
density function of the frame SIR measured at the array output is plotted for L = 6 inter-
ference sources, with the number of antenna elements N as the parameter. These curves
clearly show that the SIR has a better chance to take on high values with the increase in
the order of diversity N, regardless of the combining method. Note that OC significantly
increases the chances of higher SIR values, as compared to MRC. For N = 1, both MRC
and OC provide identical results, as expected. In Figure 4.2, the density functions of the
frame SIR obtained by both theory and Monte Carlo simulations are compared for the case
of L = 6 interference sources. These curves show a very good match between the theory
and simulations. Figure 4.3 shows the outage probability versus the channel SIR with the
number of antennas N as the parameter. The figure shows the case of L = 6 interference
sources and 3 = 0 excess bandwidth. For a given vy, OC decreases the outage probability
as compared to MRC and this decrease becomes even greater as N increases. For a given
outage probability, increasing N reduces the required 4, subsequently enabling an increase in
the number of users. In Figure 4.4, the average probability of bit error is plotted versus the
channel SIR . The curves represent theory and simulations results for L = 18 interference
sources. The BER shown accounts for SOI and CCI subject to Rayleigh fading as expressed
by (4.36) for MRC and by the results in [1] for OC. Figure 4.5 provides the average probabil-
ity of bit error as a function of the channel SIR ~ for two values of the number of antennas.
It is observed that OC can provide improved BER even in the case when the number of
interference sources L = 18 is much larger than the number of antennas. For example, for
a BER of 103 and N = 6, OC requires 1 dB less input SIR than MRC. Figure 4.6 shows
the improvement, due to OC versus the average probability of bit error with the number of
elements N as the parameter. The improvement is defined as the reduction in the required
input SIR per channel v, to obtain a given BER using OC and compared to MRC. The
improvement increases with N and slowly decreases with decreasing BER for a given N.

Figures 4.7-4.8 show the effect of the SOI subject to Ricean fading or non-fading. The
curves represent the case of N = 4 antenna elements and L = 6 interference sources. In
Figure 4.7, the density functions of the frame SIR are plotted for MRC and OC for the
Rice/Rayleigh case. The density functions are given by (4.25) for MRC and by (4.44) for
OC. The SOI is subject to Ricean fading with parameter K = 5. Figure 4.8 contains curves
of the density functions of the frame SIR for MRC and OC for the non-fading/Rayleigh
case, as given by expressions (4.28) and (4.47), respectively. The curves represent the case
of N = 4 antenna elements and L = 6 interference sources.

Meantime, we present the results on the performance of the array with optimum com-
bining studied in the previous sections . We evaluate the system performance for the worst
case scenario only, i.e., the mobile transmitting the desired signal is at the point in the cell
farthest from the base station, and the interfering mobiles in the surrounding cells are as
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close as possible to the base station of the desired mobile. Furthermore, we -consider only the
six strongest interferers (L = 6), i.e., interferers from the first tier of cochannel cells. This is
a reasonable assumption as the mterference from the second tier of cochannel cells is negli-
gible. As explained in the introduction, we make the assumption of equal-power interferers.
Due to this assumption, the results are pessimistic with respect to the case of unequal-power

when the largest interferer is of the same power as the ones assumed here. The variance o?

of the channel coefficients was assumed 1.

In Figure 4.9, the probability density function of the maximum SIR p is plotted with
the number of antenna elements N as the parameter. This curve clearly show that the
maximum SIR 4 has a better chance to take on large values as N increases. In Figure 4.10,
the densities obtained by both the theory (eq. (4.54)) and Monte Carlo simulations are
compared. Simulations were carried out using MATLAB software. The channel vectors were
assumed constant over one bit interval and independent between different bit intervals. The
number of samples used in the Monte Carlo simulations was 200,000. A very good match
between the theory and simulations is evident from the figure.

Figure 4.11 shows the outage probability versus P,/P; with N as the parameter. For a
given outage probability, increasing N reduces the required P, ./ P;, subsequently increasing
the number of users.

In Figure 4.12, the BER is plotted versus P,/P; with N as the parameter. For a given
BER, increasing N reduces the required P,/P;, which in turn, leads to an increase in the
system capacity.

Figure 4.13 shows the diversity gain due to optimum combining versus the number of
antenna elements N. The diversity gain is defined as the reduction in the reqmred P,/ Py,
for a given BER, with a corresponding increase in N.

It should be noted that the results provided here are for the worst case scenario, and
hence, pessimistic. In a real system, the performance of the optimum combiner can be
expected to be far better than the one shown in this paper due to the following: first, due
to random locations of the mobiles, the total received interference power will be lower than
in the worst case assumed here, second, all channels in all cells may not always be occupied,
reducing the total interference.

4.5 Discussion

In this chapter, we studied and compared the performance of digital cellular mobile radio
communication systems employing antenna arrays utilizing various forms of combining the
outputs: MRC, OC, and EGC. The problem addressed was the detection of a BPSK signal in
the presence of multiple CCI sources in a quasi-static, flat fading environment. The analysis
considered Rayleigh or Rice fading of the SOI and Rayleigh fading for the CCIL. For EGC,
expressions were derived for the ratio of mean signal power to mean interference power for
Rayleigh and Rice fading. For MRC, analytical expression were obtained for the density
function of the SIR, the average outage probability and the average probability of bit error.
For OC, the density function of the SIR, the average outage probability and the average
probability of bit error were obtained for Rice fading and Rayleigh fading.
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All results were obtained under the assumption of equal power CCI sources. For MRC,
the results hold for an arbitrary number of interference sources, while for OC the number
of sources is larger or equal to the number of antennas. In this case, the array degrees of
freedom are not sufficient to null the interference sources and thus fading of the interference
has a significant impact on performance. The analytical expressions derived in the paper
facilitate the comparison of MRC and OC and demonstrate the advantage of OC even when
the number of CCI sources exceeds the number of antennas.
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Figure 4.1: Probability density function of the frame SIR for L = 6 interference sources,
Rayleigh/Rayleigh fading.
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L = 6 interference sources, Rayleigh/Rayleigh fading.
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Chapter 5

Exact Bit Error Probability for
Optimum Combining

In this chapter, we derive expressions for the ezact bit error probability (BEP) for the
detection of coherent binary PSK signals of the optimum combiner employing space diversity
when both the desired signal and a Gaussian co-channel interferer are subject to flat Rayleigh
fading. Two different methods are employed to reach two different, but numerically identical,
expressions.

The first method is a direct approach of obtaining the conditional BEP and then averaging
over fading of the SOI and CCL The second method is based on the moment generating
function (MGF) - based method [56]. The latter results in expressions that are easier to
compute than the direct method. The same upper bound can be derived for each of the two
method. Using methods delineated in this letter and in [56], results obtained by the MGF
method can be easily extended to M-PSK and QAM modulations. ‘

5.1 Moment Generating Function

Consider the reverse link (mobile to base) of a digital mobile radio communication sys-
tem employing an N-element antenna array at the base station. The channel is assumed
quasi-static, i.e., fixed over some arbitrary time of interest defined as a frame. The chan-
nel assumes uncorrelated realizations in different frames. Following carrier demodulation,
matched filtering and sampling at the symbol interval, we change Expression (3.1) into:

u(k) = v/ Pa (k) cs + z(k), (5.1)

where a (k) € {—1,1} is a binary symbol, P, and c, are respectively, the power and the
channel propagation vector for the SOI. With independent Rayleigh fading at each antenna,
the vector ¢, has a complex-valued multivariate Gaussian distribution with E [c,] = 0 and
E [cscf ] = I, where the superscript H denotes transpose and complex conjugate. It is
further assumed that the interference can be expressed as

z(k) = b (k) c; + n(k), (5.2)
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where the amplitude b (k) has a zero-mean, complex-valued Gaussian distribution with vari-
ance Py, c; is the interference propagation vector which is i.i.d. with c,, and n(k) is zero-
mean, white spatial noise with E [n(k)n” (k)] = o®1. With this signal model, the interference
is Gaussian conditional on the vector ¢;. The interference spatial covariance matrix in effect
over the period of a frame is given by R = E [z(k)z" (k) | ¢;] = Prccf + o°L

The maximum SINR at the array output is given by

pu=PcfRc,. (5.3)

Note that the SINR p is conditioned on ¢, and c;, and thus it varies at the fading rate.
Eq. (5.3) can be expressed as

| p = Pc’QAQ¥c,, (5.4)

where A is a diagonal matrix of the eigenvalues {A,... ,Ax} of R and Q is unitary matrix.

Let s = Q¥c,. Since Q is unitary, the elements of s retain the properties of the elements of
¢;s. Thus eq. (5.4) can be rewritten as

= |sil?
#:PIZ ; ’

i=1

(5-5)

where sT = [s1,... ,sn]- Since the elements of ¢, have complex-valued Gaussian distribu-
tions, each term |s;|? is a chi-square random variable with two degrees of freedom. The
eigenvalues {\;} of R are

vod P YN lern |2 40? i=1
* o? i=2,...,N,

where ¢T = [c11,...,crn]. Each of {| ¢ [*} is a chi-square random variable with two
degrees of freedom.
Due to the mutual independence of the terms in eq. (5.5), the moment generating function
(MGF) of u conditioned on A is given by [57]:
1

Buin, (8) = : (5.6)
B/ (1—-8%)(1—3% N-1
where P, = P,E[|csn|?],n = 1,...,N, is the mean signal power per antenna and ¢ =

[c1n,- .. ,Csn]- The MGF given above provides the starting point for each of the two methods
of analysis.

- 5.2 Direct Method

Let b £ P, /o? denote the mean SNR per antenna (channel). Therefore, the conditional
probability density function (PDF) of y can now be obtained by applying the inverse Laplace
transformation to (5.6) and is given by [57, p. 410]:

ANl R By (N —1;N; &#)

ff‘/Al(p) = 0_21-\(N)hN ) l‘l" 2 07 Al 2 02? N Z 1’ (5'7)
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where 1 F; (-) is the confluent hypergeometric function and I'(-) is the standard gamma func-
tion. Clearly, if the interference is fading, A; is a random variable that assumes new values
at the fading rate. Note that in references [22, 23], A; in (5.7) was assumed constant, i.e., it
was replaced by its mean value, E [\;| = NP;+0°, where ;=P E lerwl?], n=1,...,N.
Conditioned on A;, the probability of bit error is computed from

P = / " QU2 funs ()

1

= S5 ) eV (s (538)

where Q(z) = L [ emp(—%)dy is the Gaussian Q-function and erf() is the error function.
Using the identity erf(/f) = 2B e "1 h (1;3; 1) [58], and relation [59, p. 224] in (5.8),

we get

All—‘(N + %)P3N+§F2 (N + %7 17N - 1’ %7 N; ,\1}ij,’ f‘\i;;’j)
VT D(N)RN (A, + P,)N+3

1
Pesy, = 9~ ) (5.9)

where Fy(-) is Appell’s hypergeometric function defined in [60]. It can be shown that the
series in (5.9) converges.

Since each of {| ¢r, |*} has a chi-square distribution, A\, = P, SN | con [2 +07, has the
PDF

(—e?)

) =T WPV =)V le™ B, A 2 0% (5.10)
The BEP averaged over all values of ), is given by
Pe= / Pepay faa(M)dAs (5.11)
0 .
Substituting (5.9) and (5.10) into (5.11),
(N 1 PN+% N 00 | 2
p - L_TW+3)P 1 / My — )Nl
¢ 2 oL (N)RN T(N)PY J,2 (A + P,)N*2
1 3 . Ps )\1 — 0'2
xFy (N+§,1,N—1,§,N,)‘1+Ps,)\1+Ps) d;. (512)

A closed form expression for the integral in (5.12) is not known, however, the integral can

be evaluated numerically.
A simpler upper bound can be derived for (5.12). Using the bound Q(v2p) < je* and
integral tables [59, p. 223] in eq. (5.8), we get

B 1 A1
P <z ]
/M =9 (A + P)(1+ )N

(5.13)

The expression in (5_.13) provides meaningful insight into a few special cases. When there
is no interference, i.e., P, = 0,\; = o2, the conditional BEP of (5.13) reduces to P, <
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%(1 + h)~N. This is the upper bound for the BEP of an N-order space diversity receiver
employing maximal ratio combining (MRC), as expected. When the interference power is
large, i.e., P, — 00, (A — 00), (5.13) reduces to P, < (1 + h)~®¥~1. This is the upper
bound for the BEP of an (N — 1)-order diversity MRC receiver without interference, Thus
the presence of an interference with infinite power results in the loss of one diversity path, a
result first mentioned in [22, 23].

5.3 Moment Generating Function Method
This part was contributed by Alouini and Simon.

In this section, the MGF-based method is used to develop the exact BEP for BPSK
modulation with optimum combining in the presence of a Gaussian CCI when both SOI and

CCI are subject to Rayleigh fading. ‘
Using the alternate representation of the Gaussian Q-function [56], namely,

1 w2 $2 p
Qlz) =~ /0 exp (————2sin29) z, (5.14)

and after reversing the order of ihtegration, eq. (5.8) can be rewritten as

1 w/2 poo m ’
Pep, = — /0 /o exp (‘m) fus (B)dpdz (5.15)

1 [ 1
[ e (—S—m—Qé) @, (5.16)

where the MGF ¢, (s) conditional on A, is given by (5.6). Now averaging the conditional
BEP of (5.15) combined with (5.6) over the PDF of A; given by (5.10), we obtain

1 /ﬂ/2 1 /*00 1 _ N1 ( Al _ 0.2)
P=——r : A\ —o? exp | — d\ db.
(NPY Jo (14 Zgh)" S (1+ L Ps)( 1) P Py '

sin20 Ay
(5.17)
Now letting y = (\; — 0?)/P;, and recognizing that
o? P,
B = hBy (5.18)
then, (5.17) becomes
P, = - e yV e Vdydo. (5.19)
aD(N) Jo (14 550)" " Jo (1+Si:20+%y).4 |
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Finally, letting z = '—%:Ly, (5.19) becomes

/2 1 © 1 + z N-1 ( P, )
2N rexp ( ——=-2 ) dzdf.
/o (1+ 45h)"" /o (L+ oy +2) P\"rp,

sin: sm2 [}
(5.20)

1 P,
’R'F(N) hP]

P. =

To evaluate the integral on z, we use [61, p.336, eq.(3.383.10)]. We have,

® 142z
0 ﬂ-i—z

where I'(a,z) is the complementa,ry incomplete gamma function [61, p.950]. Recognizing
from (5.21) that 8 = 1+ %, v = N and also that (N + 1)/T'(N) = N, we obtain after
some simplification the final desired result

/2 h Ps h Ps
Lo [ oo { (e i) T (1 (1 ) )
h h Ps

If one wants to simplify the notation a bit, then define

T2 e dy = B PHT(0)D(1 — v, Bp) + BT (v + DI(—v, Bp),  (5.21)

P, =

A h Ps
f(6)= (1 + 512—9) wp (5.23)

in which case (5.22) simplifies to

1 P. s N pm/2 £(6) hP I
P, = - (hPI> /0 e [I‘ (1- N, f(9)) P, f(OT(—N, f(()))] dé. (5.24)
This is an exact result which involves a single integral with finite limits and an integrand
composed of an exponential and two complementary incomplete gamma functions. This
should be compared with the BEP obtained via the direct method in (5.12), which involves
a semi-infinite integral with an integrand containing the more complicated Appell hyperge-
ometric function (not readily found in standard software packages such as Mathematica). It
is of interest to examine the special cases with the MGF method.
For the special case of no interferer, i.e., P =0, (A, = 02), eq. (5.19) becomes

1 1r/2 1 oo
P, = —-—/ ———-—/ N-le=¥dyde. 5.25
AWM G+t h b " (525)

38




Using [61, eq.(3.381.4)], eq. (5.25) simplifies to

1 (2 1 -
P =- / ————ﬁdO, (5.26)
Tt (1+ 5s)
which corresponds to the performance of coherent PSK with MRC and an N-element array.
For the special case of a single infinite power interferer, i.e., Pr = 0o (A = 00), eq. (5. 25)
simplifies to
P = —— ! / " N leVdydo
T Jo (T ) o
7 /2 1
_ 1 / ——df. (5.27)
T (1+5w) |

Thus, based on ezact expressions for BEP, we observe that for the infinite power interferer,
the array uses up one entire order of diversity to cancel it. This same conclusion was
reached via the direct method only based on the upper bound (5.13) on conditional BEP
and in [23] based on approximate expressions for average BEP (obtained by replacing A1 by
E[M]= NP +0%).

5.3.1 Bounds on Average BEP

Strict upper bounds on the conditional BEP are easily obtained from (5.15) combined with
(5.6). In particular, the conditional BEP is given by

P, 1/1/2 1 1 dé ‘(528)
e\ &= T — . .
MUl (1 )T (1 )

Since the integrand is maximum at the upper limit, i.e., = 7/2, then upper bounding the
integrand by its value at § = 7/2 gives the upper bound on the conditional BEP as

1N 1
M =200 +PB) 1 +R)N

P. (5.29)

This is the same result as (5.13). The bound on the average P. is then obtained after some
manipulations by averaging the left-hand side of the previous expression over the density
function of \; in (5.10):

N-1
P.<A|{(N-1—(-1)"" 25 Ve Ei(—n) + Y (k=) (=)™~ 1"’“} (5.30)
1 k=1

-1
where Ei (-) is the exponential integral, A = (2 (1+h)NT(N )) and n = (P, + 0%) / Pr.
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5.4 Numerical Results

Numerical results are provided to illustrate the analysis presented in the letter. Results are
shown for binary PSK modulation. Relations (5.12) and (5.24) provide the exact BEP via
the direct and MGF methods, respectively. Numerical evaluation of the two relations shows
that they are indistinguishable as they should be since they are both exact. In Figure 5.1,
eq. (5.12)/(5.24) and [[23, p. 223, eq. (25)] are plotted as a function of average total SNR
defined as N %, where N is the order of diversity. The difference between the curves obtained
using eq. (5.12) and [[23, p. 223], eq. (25)] is small, but evident. This difference is more
evident in Figure 5.2, which zooms in on part of Figure 5.1. There is a simple explanation as
to why the values of the probabilities that we obtained are numerically close to those in [[23,
p. 223]]. The performance, i.e., the BEP, of the optimum combiner is shown for the cases
N =2, 4. In either case, the array has sufficient number of degrees of freedom to suppress
the interference, regardless of whether the interference is fading or non-fading.

5.5 Discussion

In this chapter, we developed expressions (egs. (5.12),(5.24) ) for the exact BEP of the
optimum combiner of BPSK signals with Gaussian co-channel interference in flat Rayleigh
fading. Unlike previous work, this expression takes into account the density function of the
fading interference. The closeness of the exact expression to the approximation using the
average interference power justifies the use of the approximation in practice.

10'E

-
Q
[N

Average BEP

M \ |
" [| — BEP using egs.(12)/(26 S

- - BEP using [2, eq.(25)] \\
10%L ' ‘ l |

0 2 4 12 14 16

6 8 10
Average total SNR (dB)

Figure 5.1: BEP of the optimum combiner in Rayleigh fading with a fading Gaussian co-
channel interferer.
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Figure 5.2: BEP performance on a magnified scale, N = 2 antennas.
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Chapter 6

Analysis of CDMA system with MRC

This chapter is attempted to provide a comprehensive analysis which joins several of the
most important factors affecting the performance of CDMA systems. In particular, new an-
alytical expressions are developed for the outage and bit error probability (BEP) of CDMA
systems. These expressions account for adverse effects such as path loss, large-scale fading
(shadowing), small-scale fading (Rayleigh fading), and CCI, as well as for correcting mech-
anisms such as power control (compensates for path loss and shadowing), spatial diversity
(mitigates against Rayleigh fading), and voice activity gating (reduces CCI). The new ex-
pressions may be used as convenient analysis tools that complement computer simulations.
Of particular interest are trade-offs revealed among system parameters such as maximum
allowed power control error versus the number of antennas used for spatial diversity.

6.1 Instantaneous Output SIR

Based on the signal model in Chapter 2.2, following spread spectrum demodulation and
sampling at the symbol interval, the received signal can be written:

G+1)Ts
y@) = / x(t)us (£)dt
Ky
= VAsi()er + Z eV Ak (sk (i — 1) pyy + 5% (3) i) ek, (6.1)
k=2

where p; = f.iTI;”LT" ur(t — Te)ua(t)dt, pf = |,

; iTorr, Uk(t — TE)UL (t)dt are the correlations
between user signatures. It is assumed that the correlations above are independent of the
symbol interval index i.

If the CCI is spatially white, the optimum output SIR is provided by maximal ratio
combining (MRC). The array weight vector w then acts as a channel matched filter, w = c;.

The array output is expressed:

f(’i-i-l)Ts

(i) = wiy(i) = c'y(i)
= 4,(1) + ¢;(3), (6.2)
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where

6,(8) = Vi (i)ef e (6.3)
and
by0) = 'S eur/ e (s (i = 1) pp + 1 () ) (6.4

are the desired signal and CCI respectively, at the array output. Over the duration of a bit,
it is assumed that the interference can be approximated by an equivalent source using the
following expression:

K, .
8;(5) = s(i)et’ ) env/medeck, (6.5)
k=2

where s(i) combines the total interference bit effects during the bit duration and 7, is a gain
factor incorporating the effect of cross-correlation with the desired user’s signal. This model
is a worst case of sorts, in which interference sources are not independent, however, it has
the advantage of being analytically tractable (see also [12]). The instantaneous output SIR .
is then written:

_166F oo
" e,60F (69

6.2 Computation of Outage Probability

The outage probability provides an indicator of how often the communication link’s quality is
under a specified acceptable level. The system capacity is generally computed for a prescribed
outage level. The outage with respect to the instantaneous SIR was studied in [6]. In some
case (for example, when the mobiles transmit voice rather than data), it is more suitable to
consider the outage based on the average SIR (the averaging is over the Rayleigh fading).

Let the outage be defined as the probability that the average output SIR, g, falls below
a prescribed threshold ,,, Por = Pr (Y5 < V;s), where the average SIR v, is given by:

|8,()I”
e=E| o) 6.7
! [|¢j(i)| } -0

For maximal-ratio combining, the average output SIR :

M .
m=1

where p,, is the single element input SIR. In our system model, the input SIR is assumed to
be equal at all elements, p,, = p, then vg = M p, where p is defined by:
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T Y& amde

It is noted that the average SIR is conditioned on the realization of u. For full characterization
of g, it is necessary to determine the density of p. Since ¢ € {0,1}, J is the sum of
log-normal random variables. The number of elements in the sum is Y K« €. Following
Wilkinson’s method [62, 24], J is approximated by a log-normal random variable; it is then
proceeded to match E[J] and E [J?] with the corresponding cumulants of the log-normal
distribution. In [6], expressions are found for the mean m, and variance o, of the normal
variate g = In u. It follows that the outage probability can be written:

(6.9)

Py =Pr (g < m%) . (6.10)

Since g is normally distributed, (6.10) can be expressed

In s — |
PoE =1- Q (M—ng) ’ (6’11)

Og

where Q (z) = [;° \/127 e~*/2dg is the Gaussian tail function.

Relation (6.11) provides the closed-form computation of the average SIR outage proba-
bility as a function of Rayleigh fading, PCE, and voice activity. When the communication
link’s quality is sensitive to the instantaneous SIR, the result in [6] should be used to evaluate

the outage probability.

6.3 Computation of the Probability of Bit Error

Computation of the bit error requires knowledge of the distribution of the interference at
array output. Due to dissimilar shadowing and fading affecting the various users, interferers
are not identically distributed, hence the central limit theorem cannot be strictly invoked to
claim the Gaussian property. Nevertheless, the Gaussian property is often assumed in such
analyses [30, 33, 63, 64]. In this paper, the Gaussian assumption is validated by a chi-square
test presented in the next section.

For BPSK and Gaussian interference, the conditional BEP is given by

=P(e])=Q(v®), (6.12)

where «y is the instantaneous SIR and is given by:

/\1 lC{{C1|2

5
IC{{ ZkKiz €x\/ Mk Ak Ckl

(6.13)

’Y‘:
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The variate v is a function of Rayleigh fading, shadowing (PCE), and voice activity. The
distribution of -y is required to determine the average probability of bit error. The conditional
density of v was found in [11, 12]

oty MO/ |
HOrw) = L0+ 2/ (6.14)

where p was defined in (6.9). The BEP b is a function of the instantaneous SIR , hence a
random variable. The density of b can be found from [65, p.125]:

fr(v ] ﬂj
b = =t 15
ff)( | l‘l’) ’db/d’)’l ,Y=%[Q_1(b)]2 ) (6 )

where Q! is the inverse function of Q). After a few manipulations it can be shown that,

db 1

Z -

ar Wor e . (6.16)

Substituting (6.16) into (6.15), one has the conditional density of b,
M M-1 ,
b | ) = Oy (6.17)
H© (1 + 7/”) 'y=l[Q"1(b)]2 .
2

The function Q! can be evaluated by numerical integration. The unconditional density
of b can be obtained by averaging over the distribution of p

5 (b) = / XADRANL (6.18)

Replacing p by 1 = €9 , one gets

f(b) = /Omfb(meg) £, (9) ¢ dg
= Eg [G(b,g)], (6'19)

where f, (9) = fu(9)/ldg/dul,_.. and G (b,g) = fs(b|e?) €°. Since p has a log-normal
distribution, g = Iny is normally distributed. An exact closed-form result for the integral in
(6.19) is not available, however an approximation exists for E, [G(b, g)] when g has a normal
distribution. The approximation is valid for an arbitrary probability function G(b, g) and is
expressed in terms of the mean m, and the standard deviation o, [66]:

OL %G(b, my) + %G(b, my +V30,) + %G(b, m, — V30,). (6.20)
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The computation of the mean and variance of g, m, and o, respectively, is discussed in [6],
thus the previous relation expresses f; (b) in terms of known quantities. To reiterate, f; (b)
accounts for the effects of Rayleigh fading, shadowing (PCE), and voice activity. The BEP
density function in (6.20) is a more complete characterization of system performance than
the more common average BEP. The latter, can be obtained by using the density of b, or
from the following argument. The conditional BEP can be expressed as:

Ple|p) = /:OP(eI'r)fq('yIu)d"r

M-1

= M 2v) ———=dv. 6.21
”/o Q(ﬁ) T Licte (6:21)
Following [46], (6.21) can be ekpressed utilizing hypergeometric functions:
M
P(e | p) e ES)) [2uT(M +1)2F2(M +1,1;3/2,2; )
o ET(M +1/2),Fo(M +1/2,1/2,1/2,3/2% w) +T(M)], (6.22)

where ,F5(+) is the standard generalized hypergeometric function [39]. Expression (6.22)
can be evaluated numerically by using software packages such as Maple, Mathematica, etc.-
Alternatively, (6.21) can be evaluated numerically. The unconditional BEP is found by
averaging P(e | p) over the distribution of p: :

Po= [Pl £ | (6.23)

In terms of the normal random variable g, g = In u, one gets
R~ [ Pll9) f(o) do=E,[Ple]g)). (6.24)

Finally, using the same approach as in (6.20), one can obtain the average probability of bit
error: ,

P. = E,[P(e|g)]=E,[H(g)]
~ §H(e’"9 )+%H (e"‘9+‘/§"9) + é—H (e"'g' 3"9), (6:25)

where we introduced H(g) = P(e | g) as a notational convenience.

6.4 Extensions of Previous Results

Some of the results obtained previously can be extended to more general cases. These
include: other cell interference, correlation of shadowing among users, channel with time
dispersion, pilot tone effect, and performance analysis in terms of Erlang capacity. These
effects are discussed below.
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Other Cell Interference. CCI is caused by inter-cell interference as well as intra-cell
interference. This is particularly true for CDMA, for which the reuse factor is one. The
other cell interference was studied in [67, 68]. If the same traffic load is assumed in all cells,
the effect of CCI introduced by users of all other cells is equivalent to the effect of CCI
from gK, users of the home cell, where g is a factor that is determined empirically. With

K, = K.(1+ g), all the results developed so far apply with K, replaced by K.
Correlation of Shadowing Among Users. The analysis of the outage probability assumed
independent shadowing among users. In practice, when signals received from different users
are shadowed by the same obstacles in the vicinity of the base station, the shadowing affecting
the users may be correlated. This requires some modifications in the computation of the
quantities m, and o, used in determining the outage probability Pog. In [6] it is shown that
the normal variate g (In of the input SIR at each antenna element), is expressed in terms of
the first and second moments of the interference power 7, E [J] and E [J?], respectively.
The computation of E 7], as shown in [6], is not affected by the correlation assumption.
However, in the presence of correlation, the computation of E [J?] is different than it is
presented in [6]. We proceed now with this computation. By assumption, the power of the
kth user A, has a log-normal distribution, hence ¢, = In A, has a normal distribution with
some mean m, and some variance 2. The shadowing correlation coefficient is defined as

_ E[(ox —ma)(aj — ma)] (6.26)

2 ?
Ua

Tkj

where a; and o; are assumed identically distributed. For simplicity, we assume ry; = r for
k#£jand k,j=1,---,K,. We have,

K. 2
E[ﬁ] = E (Zemke“”>
k=2
Ko Ku

Ku .
= anE [ere®**] +22 Z M, E [exe™e;e™7]

k=2 k=2 j=k-+1
Ku - Ku
2 2
= petmat2ol Z 72 + pletmeea(i+n) Z Z Mn; = efe, (6.27)
k=2 k=2 j#k

where p is the voice activity factor defined earlier. Using terminology from [6], the interfer-
ence mean is expressed E [J] = e‘1. Letting J = e?, and since J is log-normal (hence S is
normal), we also have

E|J] = E [¢®] = emt3/? = €&, (6.28)
E[J* =E[] = 2ot G = gfo, (6.29)
Solving for mg and 6%, we obtain
. _
mg = 2§ — §£2a _ (6.30)
05 = &—2%,. ' . (6.31)
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Now, from (4.23) and the log-normality of A; and J, it follows that 4 = A;/J is also
log-normal. We have

g=1np=]n2‘l=a1—,3. (6.32)
J .

The density function of u is determined from the mean and variance of g, which can be

expressed in terms of known quantities:

my, = Mg — Mg, (6.33)
02 = 0%+ 05— 2rap0,0p (6.34)
where 7o is the correlation efficient between o; and 8. Once m, and o2 were obtained, the
computation of P,r can be completed as in the uncorrelated case using (6 11).

The results above can be extended to the general case when ry; are not equal, and ay
have different mean values and variances (see [69, 24] for more details about the expression
of €2 and calculation of 7og).

Frequency-Selective Channel. The reverse link channel is assumed frequency-selective
with L resolvable paths. A Rake receiver is used to track and combine the paths. Following
spread spectrum demodulation, the signal received at the antenna array from the {th path
can be written as an M-dimensional vector:

vi(6) = VAusi@eu+ Y vV (81— Dpg, + 51(6)p) C1n

nl
+Z z ek v/ Men (3(8 — 1)Pign + sk(D)pfy) Cny 1=1,---,L, (6.35)
k=2 n=1
where k = 1,..., K, is the user index, n = 1,...,L is the path index, A, are the re-

ceived signal powers, ¢, are the channel vectors, szn = j; f’”"" ug(t — Tkn)ul (t — Tu)dt,

Pitn = J; (;,:LIZZ’ k(t — Tka)u1(t — Tu)dt, Ty and T4, are the delays. Assume that the cross-
—/+

correlations are independent of the path [, ie., py, = p,m The various terms in (6.35)
represent the desired signal, self-interference, a.nd CCI, respectively. In the following, it is
assumed that the self-interference contribution is negligible in comparison with the CCI. Sig-
nal vectors associated with the different paths, y;(3) ({ = 1,:--,L), are stacked to form an
M L-dimensional vector, y(i), and grouped according to components related to the desired
signal and CCI, yielding the expression (see [70] for details):

y(i) = Vusi(i) e + (D), (6.36)
where y(i) = [y (é), -+ ,¥L (z)] = [c], -, ch]T . The first term in the relation above

represents the desired signal, j(z) is the interference, the superscript “I” denotes transpose.
With MRC in both space (antenna array) and time (Rake) domains, the output is equivalent
to applying MRC to the stacked vector in (6.36). The MRC weight vector is then given by
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w = ¢,. Similar to the approach taken earlier, it is assumed that the interference can be
expressed as an equivalent source:

Ky L
30) = 56) Y > v/ MnMen Chny (6.37)

k=2 n=1

where (i) is the CCI source bit, 7, is a gain factor representing the cross-correlation between
codes. The double sum over the scaled M L-dimensional Gaussian distributed vectors cyy, is
equivalent to another Gaussian vector,

K., L .
SN v/ Mkt €en = VT 5, (6.38)

k=2 n=1

where

Ky

L
J = Z Z 6knk:'n)‘lm

k=2 n=1
Ky

= Z E;chAk, (6‘39)

k=2

and vk = S°F_, N4 The expression in (6.39) is similar in form to (6.37), thus the evaluation
of the outage probability can continue as in the flat channel case.’ The distribution of the
output SIR is obtained from (6.14), by substituting M with M L, to account for the additional
diversity paths provided by the frequency-selective channel:

_ ML(y/wM

All other results in the section hold by substituting M with M L.

Pilot-Aided Coherent Detection. In this case, the reverse link is assumed with pilot-aided
coherent detection and perfect channel estimation. The power-split ratio for the pilot is 7.
Subsequently, the fraction of the total transmitted power that is used for the information
traffic is 1/(1 + r,). With this model, the instantaneous output SIR is given by ¥y = kv,
where k = 1/(1 +r,), and y was given in (6.13). Therefore distribution of the output SIR
~' is given by:

(6.40)

Doy M k)M
fy(Y 1) = TGk (6.41)

and P,z and P, can be modified accordingly. In particular, the outage probability is given
by

In & — mg)
—s ). (6.42)

P0E=1—‘Q( M

Og
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Performance in Terms of Erlang Capacity. For a communication system, capacity may
be measured in terms of the number of users per cell, or in terms of offered traffic intensity
in Erlangs. Wireless system can be modeled as having Poisson traffic arrival, exponentially
distributed service time, finite number of servers, and no waiting room (expressed as an
M/M/N/N queue). The system capacity of FDMA or TDMA is obtained by analyzing
the blocking probability of an M/M/N/N queue. Since users in CDMA systems all share
a common spectral frequency band, the blocking condition of a CDMA system could be
defined in a different way from that of FDMA or TDMA [25]. The blocking condition in
CDMA systems will be defined as the case when the average SIR at base station falls below
a prescribed level. This is the same definition as the outage referred to earlier in this section.
For a finite number of communication channels, Poisson distribution cannot strictly represent
the number of active users per cell. Nevertheless, the approximation of Poisson distribution
is often used in the analysis [25, 68, 71]. Then the distribution of the number of active users
in the system is given by:

P[K‘u = k] = 7{;—' 'e—C, k=0, 172, T (643)

where ¢ is determined by both call arrival rate and service rate. The mean value and
variance of K, are given by ¢ = E[K,] = var[K,]. For simplicity, we assume that the factors
N, defined following (6.5), are equal, 7, = 7. The first and second moment of the interference
J are to be averaged over K,,. From (6.37), and with Ax = e®*, we have

pun - s ]|

k=2
= (¢-1) pnem°+"3/2b-:_= e, (6.44)

st = e [ [(Eome) ]

= (- DprP et
+ (C2 . 2( + 2) p2 7’2e2ma+aﬁ = 662, . (6.45)

and

Using these expressions we can proceed to compute the relation between outage F,g and
Erlang capacity (¢). The parameter ¢ is amended to ((1 + q) for K|, = K,(1 + q), if taking
into account the other cell interference.

6.5 Numerical Results

Results in this section are derived from computer simulations of a CDMA system employing
BPSK modulation and BPSK spreading, with a voice activity factor of p = 3/8 and a
spreading ratio of 85. The spreading ratio corresponds to an information data rate of 14.4
kb/s and a signal bandwidth of 1.23 MHz. Unless specified otherwise, the number of antenna
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elements assumed in the simulations was M = 4. The channel was assumed flat and subject
to Rayleigh fading and shadowing.

First, the validity of the Gaussian approximation for the CCI was evaluated for K, = 30
users, and PCE = 1.5 dB. To that end, the histogram of the interference level was generated
and compared to the theoretical Gaussian curve. This is shown in Figure 6.1. Additionally,
a chi-square test following the method presented in [65] was applied to evaluate the goodness
of the fit. The sample space was partitioned into 21 disjoint intervals corresponding to a
test with 20 degrees of freedom. Standard chi-square test tables show that for 20 degrees of
freedom, the threshold for a 1% significance level is 37.57. Calculated from the simulation
and averaged over 200 Monte Carlo runs, the chi-square statistic D? was 22.14, which does
not exceed the threshold. It is concluded that the Gaussian approximation is valid for the
interference.

The outage probability with respect to the average SIR is plotted in Figure 6.2 as a
function of the capacity (number of users/cell) with the PCE as a parameter. For two-
antenna selective diversity at cell site, adequate reverse link performance ( P, < 1073%) is
achievable with an array input of SIR < 5 [26], which is equivalent to array output SIR <
7.5. If we use the same array output SIR requirement for the receiver in Figure 3.1, then
the outage threshold is set at y,, = 7.5. The analytical curves in Figure 6.2 are computed
from (6.11), and the simulation curves are based on one million samples. For an outage
of 102, the system capacity is approximately 90, 47 and 24 users/cell for PCE = 0, 1.5,
and 2.5 dB, respectively. Consequently, for PCE = 1.5 to 2.5 dB, the system capacity
degrades 48% to 73% compared to the case of perfect power control. The effect of space
diversity on the outage probability for average SIR is shown in Figure 6.3. For an outage of
P,r = 1072, the system capacity is about 9 to 72 users/cell for M =1 to 6, i.e., the average
capacity increase for each additional degree of space diversity is about 13 users /cell. A clear
illustration of the trade-offs between the effects of antenna arrays and PCE can be found in
Figure 6.4. The figure shows the capacity (computed analytically for Pg(vg < 7.5) =0.01)
as a function of PCE and the number of antenna elements. The figure shows that for capacity
of 30 users/cell, a two-element receiver at the base station requires the PCE to be less than
1 dB, while an six-element receiver can relax this requirement to 2.8 dB. The figure can
be used to find the system capacity for a given PCE and for different number of antenna
elements. Clearly, these results however, do not take into account effects such as coding
and interleaving. For example, when PCE = 2.5 dB, the system capacity increases from
10 users/cell to 38 users/cell for an increase in the number of antennas from M =2 to 6.

Figures 6.5 and 6.6 depict the distribution of the probability of bit error (b) with various
values of PCE and number of antennas. These PDF curves shift toward to lower value of b
as PCE decreases and the number of antennas increases. Figure 6.7 displays the analytical
results for the average probability of bit error as a function of the number of users per cell.
The system parameters are same as in Figure 6.2. If the desired performance is P. = 1073,
capacity is respectively 55, 45 and 32 users/cell for PCE =0, 1.5, and 2.5 dB. In a CDMA
system with a PCE from 1.5 to 2.5 dB, the system capacity degrades from 18% to 42%
compared to the case of perfect power control. '

Finally, we examined some of the extensions discussed in the previous sections. Figure 6.8
shows curves of outage probability versus capacity for PCE = 1.5 dB, M = 4 antennas, L=4
time diversity paths, and different values of the correlation coefficient (r). For r from 0.2
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to 1, the system capacity degrades from 6% to 21% compared to the case of uncorrelated
shadowing (r = 0). Erlang capacity is shown in Figure 6.9. The figure depicts curves of
outage probability versus Erlang capacity, ¢ (1+q), for M = 4 antennas, L =1 resolvable
path, r = 0, voice activity p = 3/8, and PCE = 0, 1.5, and 2.5 dB, respectively. This figure
parallels the results of Figure 6.2.

6.6 Discussion

In this chapter, we studied the reverse link performance of cellular CDMA systems, with
space-time processing, Rayleigh fading, shadowing, power control error and voice activity
gating. The performance was analyzed in terms of outage probability for average output
SIR, as well as average probability of bit error. Analytical results were obtained that provide
simple, but accurate approximations that can be used to evaluate system performance. All
parameters needed for the computations can be obtained from measured data. The analysis
shows that space-time processing provided by cell site antenna arrays along with a Rake
receiver, compensates for performance degradations due to PCE in cellular CDMA systems.
Computer simulations provided a good match to the analytical expressions developed in
the context. It is noticed that the exact system performance improvement due to adaptive
antenna arrays varies with the fading environment and cell layout. Since the implementation
of adaptive antenna arrays introduces more digital signal processing and larger time delays,
the interaction among the adaptive antenna, coding, interleaver, call processing and etc.
requires further evaluation via simulations and field tests.

0.1 T T T T
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Figure 6.1: Gaussian fit to the interference histogram.
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Figure 6.2: Outage probability versus capacity (users/cell), based on average SIR, for four
antenna elements M = 4, various PCE’s, and p = 3/8.
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Chapter 7

Reduced-Rank Array Processing
Techniques

In this chapter, we study the application of the eigencanceler, a reduced rank method based
on the eigendecomposition of the estimated covariance matrix, to the wireless communica-
tion problem in the presence of cochannel interference. The eigencanceler’s performance is
compared to that of a system utilizing sample matrix inversion (SMI). The application of
SMI and the eigencanceler to a flat fading TDMA system is studied in the context of the
IS-54/1S-136 standard. -

7.1 BER Bound with Training Data

Based on the signal model in Chapter 2, the optimal combiner output is given by

y=wlu
where the optimal weight vector is w = R !c,. Scaling of the weight vector has no
effect on the output, hence the weight vector can also be expressed w = R™'r, where
r = E[a[k]u[k] | c;] = vPscs is the cross-correlation vector between the desired signal
symbol and the received vector. The output SNR conditioned on the channel c, is then
given by

P
p= |l N lles* b, (7.1)

where ||-||* denotes the Euclidean norm. Subsequent to the Gaussian assumption on the
CCI, the conditional BER is given by P (e | ) = Q (v/2p), where Q is the Gaussian tail
function.

Let A;, i = 1,... , N denote the eigenvalues of the noise covariance matrix R in descending
order, \; > A2 > ... Assume that the L interference sources result in a noise covariance
matrix with < N principal eigenvalues, such that A\, > Arp1 = ... = Axy = N,. It can be
shown that the upper bound on the average BER is given by [19]

P.<05(1+h)"" . (7.2)
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In practice, the true noise covariance matrix R as well as the cross-correlation vector r,
are not available and need to be estimated from the data. Assuming the availability of a
training sequence of length K, the cross-correlation vector is estimated from the expression
t=1/K> X a[k]u[k]. The estimated cross-correlation can then be used to estimate the
interference vector X [k] = u [k] — a [k]T. The estimated interference and noise covariance
matrix is given by R = 1/K S, X[k]X [k]¥. We assume that r = T, and focus on the
effect of estimating the covariance matrix. The goal is to investigate the effect of R on
expression (7.2). In the following, it is assumed that the covariance matrix is estimated from
a training set X(k), k = 1,... , K. The training set is assumed to have the same statistics as
the interference-plus-noise during normal operation, i.e., X(k) has a multivariate Gaussian
distribution with zero-mean and covariance R. We define the conditioned signal-to-noise and
interference ratio (CSNR) p as the ratio of the SNIR when a specified weight vector w is
used, to the optimal SNIR, rfR-!r. The CSNR is then given by

W r|2 1
P= WHRw R Ir’
The quantity p is a random variable that takes on values 0 < p < 1, (p = 1 when
w = R7!r) and with density f, (). The BER conditioned on both the channel and CSNR
is P(e| p,u) = Q(v2pp). The performance penalty is made evident by the inequality
Q (v2p) > Q (v2u) . The mean BER can be found by averaging over both the CSNR and
fading: :

(7.3)

P = / N / Ple| pyit) fo (0) fu () dudp, (7.4)

where f, (1) is the density of p [19]. We proceed to analyze the BER for two different
methods of deriving the weight vector w. The sample matriz inversion (SMI) weight vector
is given by w = R™'r. The CSNR becomes

—~ 2
(rH R‘lr) 1 7
P= HRRR-ir RT (79

The density of p for the SMI has been found in the classical paper [72], and is given by the
beta function
_ (K +1)
)= FIN DT (K +2-N)

We first evaluate P (e | p) = fol P(e| p,1) fo (p) dp. Using Q (v2pp) < 0.5¢# and [73,
relation 13.2.1], it can be shown that

(1 __p)N—2 pK+1—N_ (7.6)

Ple|p) < 05.F (K+2—N,K+1,—p), (7.7)

where F; is the confluent hypergeometric function. This expression is dependent on the
number of samples K used to estimate the covariance matrix. Using (7.7) and the Kum-
mer transformation 1 F; (a,b,—p) = e;*Fy (b—a,b,p) [73, relation 13.2.1], we obtain the
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expression

P, < 0.5T"Y(N —r)h~N—") / e~rF+/) =N=r-1). B (N — 1, K + 1; ) dps, (7.8)
v 0

which is recognized as a Laplace transform. Applying relation [74, p. 510], and after some
algebra, this transform is evaluated as

P, <05(1+h)""" ,F (N-1,N-rK+1h/(1+h)), (7.9)

where o F, is the Gauss hypergeometric function. This result is consistent with (7.2), since
as the number of training samples

K — o0, lim 2Fy (N =1, N —rK+1;h/(1+h) =1

[60, p.3], and (7.9) reverts to (7.2). The effect of finite K can be assessed by evaluating the
function »F,. This function is available in software packages such as Mathematica, or it can
be approximated by a series. Better insight into the effect of training is obtained by applying
the asymptotic expansion of 2 F}, [75, p. 238]:

oF (a,b,c+m;z) =1+ a_:;z +o0(m™?), (7.10)

where m > 0. For the problem at hand, we have

(N-1)(N-r) h
K 1+h

JF(N=1,N—r,K+1;h/(1+h))=1+ +o(K7?). (7.11)

Substitution of (7.11) in (7.9) yields

P.<05(1+h)"™" (1 + (V- 1)K§N =) 1 _}: 5o (K“z)) . (7.12)

The significance of this relation is that for a given interference rank r, the BER increases
quadratically with the number of degrees of freedom.

The SMI performance is compared with that of the eigencanceler. The eigencanceler
is derived from the eigendecomposition of R, and its weight vector when the interference

rank is r, is given by w = (I—-QIQ{’ ) r [76], where the columns of Ql are the r eigenvectors

associated with the principal eigenvalues of the sample covariance matrix R. It can be shown
that for large INR, the density function of the CSNR p for the eigencanceler is given by [77]:

folp) =T 7 (r) KTe K0P (1= p)"". (7.13)

Using (7.13) in (6.25), we evaluate the conditional BER bound P (e|u) <05 fol e *f, (p)dp.
We make the assumption that the values of the output SNR p for which the density function
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is non-vanishing are such that pu < K. With this assumption, the previous integral can be
evaluated as

Pe| o) < 0.5¢™" (1 - Tl}) N [1 - F—(iri({r—)_i)] , (7.14)

where I' (¢, z) = fx°° e—tt2~1dt. The series expansion of the terms in the parenthesis yields

r 2 e—(K"‘P’) — r—1 1
P(e| po) < 0.5¢7* [1+%:+0(7/::)] [1— Ifﬁ) B (1 4o(K - ) )}-
(7.15)

Keeping only the first order terms of K, and assuming K > p, the conditional BER is bound
by

a1 BT
P(e| p) < 0.5e (1+ K). (7.16)
Substitution of (7.16) in (6.25) yields:
—(N—-7) T (N - T‘) h _9
P.<05(1+h) (1+ e 1+h+o(K ) (7.17)

For large K, this expression can be approximated by the first two terms in the parenthesis.
The eigencanceler’s advantage over SMI is evident in the linear rather than quadratic increase
in BER as a function of the degrees of freedom N.

7.2 Numerical Results

The theory developed above is illustrated through numerical results obtained from simula-
tions. The simulation model consisted of two sources: a desired signal with specified SNR
and an interference with INR = 2 dB. The modulation was BPSK, the number of antenna el-
ements N = 9, and the number of training samples used for estimating the covariance matrix
K = 14 (this conforms with the training specified by the 1S-54/1S-136 TDMA standards).
The fit between simulation data and theory is illustrated in Figure 62. The simulation re-
sults represent the error count of 280,000 Monte Carlo runs. The channel was assumed
fixed over the processing interval, but was varied randomly from run to run. Theoretical
curves were generated by evaluating the integral in (6.25) numerically, using the SMI and
eigencanceler probability density expressions in (7.6) and (7.13), respectively. A good fit is
observed between theory and simulations.

The error bounds and the exact BER expressions are compared in Figure 62 as a function
of the SNR for the case of K = 14 training symbols. The approximations are based on (7.12)
and (7.17), respectively. An error of about 1 dB is observed between the bound and the
exact values. The bound error has three sources: (1) error due to the approximation of the
Gaussian tail function with the quantity 0.5e=*, (2) error due to the assumption that INR is
large, (3) error due to the assumption that K is large. The Gaussian tail approximation is
the main source of the bound error. The INR provides negligible error. This is explained by
the well known fact that the output of an adaptive array with sufficient degrees of freedom
and optimum combining is not very sensitive to the interference power.
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7.3 Application to IS-54/IS-136

The IS-54/1S-136 TDMA system uses 7/4-shifted DQPSK modulation. The probability of
symbol error for 7/4 -DQPSK is given by [78]: ’

1 L | cost
P, = —pll——]1| dt. 7.18

A typical IS-54 TDMA frame contains K = 14 synchronization symbols that can also be
used for array training. Performance of a TDMA system with an antenna array controlled
by the SMI or eigencanceler methods was evaluated by simulation. The signal environment
was modeled by three cell layers. With all channels fully occupied, interference was provided
by 6 CCI sources from the first layer, 12 CCI sources from the second layer, and 18 CCI
sources from the third layer, while ignoring interferences from other outlying layers. CCI
sources were assumed to be the base stations of the surrounding cells. The normalized
eigenvalue distribution of a sample interference and noise covariance matrix for an N =
9 element antenna is shown in Figure 63. Note that most of the interference power is
concentrated in the 6 largest eigenvalues, suggesting the use of a reduced-rank method such
as the eigencanceler. Figure 63 shows the average BER versus the carrier-to-interference
ratio (CIR) for an adaptive array with Ej/N,= 10 dB. The capacity of a TDMA system
is expressed in terms of its reuse factor. Current 2G standards stipulate a frequency reuse
factor of 7. The curves shown in the figure are averages of 1000 runs. Each run consisted of
estimation of the array covariance matrix R using K = 14 training samples, and a randomly
chosen channel vector c,. Reuse factors are marked by arrows. For BER = 10~2, SMI can be
applied with reuse factor 3, while the eigencanceler provides higher capacity corresponding
to a reuse factor of 1. C

7.4 Discussion

This chapter considered reduced-rank antenna arrays for wireless communications. The
content focused on the eigencanceler, but other reduced rank methods can be applied. Simple
analytical expressions were obtained for the BER bound for the case of BPSK modulation
and the presence of colored Gaussian CCIL. The performance of a TDMA system as specified
by the IS-54/IS-136 standards was studied by simulation. It was shown that reduced-rank
processing at the base station can increase the capacity of TDMA systems by reducing the
frequency reuse factor from 7 to 1.

61




1¢ . . . . : , ]
INR=2dB ]
"=~ - o K = 14 Samples
10" - ' 5
o
~ . :
X 10°L .
m
) “a
10°:|__ EIG (EXACT) .3
- _ SMI (EXACT) g
= EIG (SIMULATIONS)
o SMI (SIMULATIONS)
10*L ‘ - , ) ) 4
-10 8 B 4 2 e} 2 4
SNR (dB)

Figure 7.1: Comparison of theoretical expressions and simulation results.

1d 1 . ; . ; . .
INR = 2 dB

K = 14 samples |

- "
+ ° h ~ R *
10°L T
— _.SMI EXACT .
s| |— EIG EXACT
10 | «  sMI BOUND \ 3
+ EIG BOUND (APPROX.) N
(0 )4 \\
196 8 ® 4 0 2 4 8

2
SNR (dB)

Figure 7.2: Bound and exact BER for SMI and eigencanceler with N = 9 elements and
K = 14 training samples.

62




EIGENVALUE
® o D
g 8 8

g

3 4 5 ‘16"'- LA .I7, on erris l8 e |9
INTERFERENCE AND NOISE SPACE DIMENSION

-

Figure 7.3: Eigehvalu&s of interference plus noise covariance matrix.

10",
- NO DIVERSITY
=0’ - - SM (simulated)
= -~ EIG (simulated)
= — OPTIMUM
s
16°} .
10 0 15 2

Figure 7.4: Average BER vs. CIR. Arrows indicate the corresponding reuse factor.

63




Appendix A
Appendix

This section contains the derivation of (4.61). The average BER is given by

Po= | ertelymudn

_ 1 F(L-—l—l) Ps L+1-N o'} ”N—l .
= TMTC +1-N) (F) /0 erfelVi) By (A1

Using the identity [55]

1(m), (A-2)

in (A-1), we get

_ 1 I(L+1) PN e M-,
Pe_2ﬁr(N)P(L+1—N)(P) /0 R 2W_s1(p)dp,  (A-3)

where W, 4(-) is the Whittaker function of the second kind and is defined as

’ :r”e £ ¢ (a+p—3) 1
W, ‘tt(q""i) 14— dt, g—p+=>0. A4

Equation (A-3) can be evaluated in a closed form and is [79):

1 P, 1 (P 55
be= s mrmr@a+1-m (73') G2 (F ‘i %’i ) (A-5)

where G, () is the Meijer’s G-function and is defined as [79]

mn ay, - _ [1;-, L'(b; - 9[- T —a;+9) 2°ds
o (=] b ) =, TR | A Mt
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where C is a curve separating the poles of []/_, I'(b; — s) from those of [T-i T(1 —a; +9),
1<q0<n<p<q0<m<qgz#0and|z|<lifg=p;z+#0ifg>p. See [80] for
more definitions and evaluation of the G-function. Using the identity [79]

(e o) -
" E(1—a;+by,...,1—a;+b:1—a1+ay...,1 —a1+a,:2), (A-7)
in (A-5), we get
-N :
P, = 2\/7?I‘(N)I‘2L+1 — (%) E (L+1,N+_—§,N:N+1 : %) (A8)
where E(-) is the MacRobert’s E-function and is defined as [79)
E(ai,... ,ap:by,... ,bg:2) = . (A-9)

p 4P
I1 —1F(as — ay)
= I'(a,)x®
; g-_-l F(bt - ar) ( )

er1Fp (ar,ar—b1+1,-.. 2@ —bg+1lia, —ap+ 1,0 % ... ,ar—ap+1;(—1)”‘qx),
(A-10)

where ,Fy(-) is the generalized hypergeometric series and is as defined in (4.62). The"in I1
denotes the omission of the term when s = r. Also, the  in ,Fy(-) indicates omission of the
term (a, — ar + 1). Equation (A-9) is valid for p > ¢ + 1. Using identity of (A-9) in (A-8)
and o Fy (N,0; N — L, 3; %) =1, we get

P 1 (5>-N [(_}_DE)L“I‘(N—L—é)F(N—L—I)I‘(LﬁX 1),
° P P

2/aT(N)T(L+1— N) I'(N — L) Nl
3 P, P\VTEIT(L - N +1)
2F2(L+1,L+1—N,L—N+§,L—N+2,—I—5>+(F) —-F—(%j"—
1 1 11 13 P, P\"T(L+1-N)(3)
F(—E)F(N+-2-)2F2 (N+ “2‘,5,N— L+ 2,5,?) + (?) (D)
1 P,
| F(N)2F2 (NaoaN—L1_2'7 F)]
| B 1 P YN -L- )L +1)
| ~ 2y/aT(N)T(L+1—N) [\ P (N-L-1)
. 3 P, P\:T(L—N+1)
2F2(L+1,L+1—N,L—N+§,L—N+2,P)+(-1-5) O
1 1 11 13 B\ K TI(L+1-NIErw)
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(A-12)
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